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Abstract 


In  this  paper  we  shall  prove  some  asymptotic  statements  about  the  electro- 
magnetic eigenf unctions  in  closed  cavities .  To  this  purpose  we  investigate 
first  the  behavior  of  the  corresponding  Green's  tensors  and  apply  to  this 
result  a  Tauberian  theorem  for  Laplace  transformations  which  will  yield  the 
asymptotic  statements. 
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1,     Introduction 

Let  V  be  a  dranain  which  consists  of  homogeneous  and  isotropic  material, 
and  is  bounded  by  an  ideally  conducting  surface  F.  The  electromagnetic  pro- 
perties of  the  material  are  described  by  the  dielectricity  e  and  the  permea- 

— >       -> 
bility  n.     The  electromagnetic  eigenfunctions  E     ,   H     and  the   corresponding 

eigenfrequencies  co     (n  =  1,2,3...)  satisfy  in  V  the  equations 

->  -> 

VxE     +iw     [iE     =0 
•^    n  n  ^n 

— >  — > 

VX  H     -  ioo     eE     =0 
n  n       n 

and  the  boundary  condition  rf*  X  E    =  0  on  F.     (n     denotes  the  normal  vector  on 
F,   pointing  in  the  exterior  of  V). 

If  the  electromagnetic  eigenfunctions  are  normalized  by 


1    f  |ri2  dv-  i    flnV  dV-1 

H     j    '   n'  6     I    '   n' 


then  the  following  relationships,   among  others,   hold  for  t  — >  oo 
— >  — > 


E^(x)|2  3/2     , 


»  .  CO  1 

0  <  a    <  t         n 
n  — 


->  ->  -  3/2     .3  2 

Y2  |E^(x)r  =  ^(en)         -\*0(t'^) 

0  <  CO    <  t 
n  — 


— >  ->->  -> 

E^(x)E'(y)  ->        -> 

-^^^—^ 0(1)       ,         (x    /    y  )     . 


0  <  (0    <  t 
n  — 
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In  the  last  equation  the  colximn  vector  E  (x)  is  hereby  multiplied  by  the  row 
vector  E'(y),  according  to  the  rules  of  the  matrix-calculus,  thus  obtaining  a 
3  times  3  matrix.  In  the  resulting  sum  of  matrices,  then,  every  component  is 
bounded  for  %   — >  oo . 

Asymptotic  statements  for  the  eigenf unctions  of  the  reduced  wave  equation 
were  first  derived  by  T.  Carleman^  -I  *  ^  -'  in  193U.  Let  u  be  the  orthononnali»ed 
eigenf  unctions  of  the  reduced  wave  equation  (A*  X)  u  ■  0,  with  the  boundary 
condition  u  ■  0  on  F,  and  0<\<^<\<«  •  •  the  corresponding  eigen- 
values. According  to  T,  Carleman  [3]  is  for  X  — >  OD 

E    ^  -  i^  ♦  o(A) 

X  <  X  "    2n 
n  — 


X  Tx  "     ^ 

n  — 

These  relationships  hold  for  any  point  in  the  interior  of  V,  although  not  uni- 
formly. However,  the  last  equation  may  be  integrated  over  V  and  we  obtain 

^1   .|V|^.C(X3^)  , 

X  <  X         ^" 
n  — 

which  is  Weyl's  law  for  the  distribution  of  eigenvalues'-    J.     (|v|  denotes  the 
volume  of  the  domain  V.) 

In  1952  V.Q.  Avakumovlc   L  J » L  J   proved  that  the  first  two  asymptotic  state- 
ments can  be  improved: 


-  u  - 


2 

\    .    ^*   0(1) 


n  — 


3/2 

5~   u  ^    -   ^Ur-  +  0{\)  for  X  — >  00  . 

X  <  X 

n  — 

Similar  relationships  were  derived  by  Avakumovic  for  the  eigenfunctions  on 
closed  Riemannian  manifolds.  ' 

It  is  the  purpose  of  this  paper  to  show  that  analogous  improved  relations 
hold  for  the  electromagnetic  eigenfunctions  in  closed  cavities.  The  idea  of  the 
proof,  which  was  similarly  employed  by  T.  Carleman  and  V.G.  Avakumovic,  starts 
with  bilinear  expansions  which  connect  the  eigenfunctions  with  the  Green's 
functions  or  Gi^en's  tensors. 

In  the  case  of  the  reduced  wave  equation  we  may  start  with  the  bilinear 

expansion 

->      -> 

,  00   u  (x)u  (y)    ->  ->       ->  ->    p 

t  E  ~ V  -  g(^  >  y  /  0)  -  g(x  ,  y  ,•  -r^)  , 

n=l  X  (x+r*^) 
n  n 

->  ->     2 
where  g(x  ,  y  j  -  ^  )  is  the  Green's  function  of  the  reduced  wave  equation, 

2 

(A-  t  )u  -  0  satisfying  the  boundary  condition  u  -  0  on  F. 

If  we  introduce  the  function 

— >   -> 

u  (x)u  (y) 

e  (X)  -  Z ^^—  ' 

0  <  X  <  X     \ 
n  — 
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we  have 


OD       u   (x)u^(y) 


n     n  ■'o  '  L. 

We  may,  therefore,   consider  the  bilinear  expansion  as  a  Stieltjes  transformation 
of  the  fvinction  ©(X),     In  OTsier  to  derive  the  behavior  of  fi(X)  for  X  — >  oo 
from  the  behavior  of  the  Green's  function  for   T — >  oo   we  have  to  use  Tauberian 
theorems  for  the  Stieltjes  transformation  or  for  the  Laplace  transformation, 
since  every  Stieltjes  transformation  can  be  considered  as  a  product  of  two 
Laplace  transformations.     In  this  paper  we  will  use  a  Tauberian  theorem,   which 
was  proved  by  A.E,  Ingham'-'-'   in  1935,  for  the  Laplace  transformation. 

In  Section  1  we  compile  the  important  properties  of  the  Green's  tensors 
for  the  Maxwell's  equations  which  will  be  used  later.     In  Section  2  we  shall 
investigate  the  behavior  of  the  bilinear  expauision,   i.e.  the  behavior  of  the 
Green's  tensors,   for   T — >  od  .     Finally,   in  Sections  3  and  \x  we  shall  apply  the 
Tauberian  theorem  (mentioned  above)  on  the  bilinear  expansion. 


1,     Green's  Tensors. 

In  this  section  we  compile  the  properties  of  Green's  tensors  for  the  Max- 
well's equations  which  we  shall  use  later.     The  results  are  contained  in  an 
earlier  paper"-  -" . 

Let  V  be  a  finite,   regular       domain,  which  is  bounded  by  an  orientable. 


■^"  Regular  domain"    as  defined  by  O.D.   Kellogg  [9J  ,   p.  97  ff. 
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connected,  three-times-differentiable  stirface  F,     In  V  we  consider  the  system 
of  Maxwell's  equations 


V  X  H    +  ioaeE     -  0 

(1.1)  A  A 

V  X  E     -  ImiiH     -  0 

/\ 
->     -> 

with  the  boundary  condition  nxE  "OonF,  We  assume  6  and  y.  to  be  positive 

— >      -> 

real  numbers.  In  this  case,  we  have  infinitely  many  eigenfimctions  E  ,  H  and 

corresponding  eigenfrequencies  co  for  the  boundary  value  problem  (1.1).  The 

eigenfrequencies  are  all  real,  have  finite  multiplicity  and  tend  toward  infinity. 

For  each  eigenfrequency  co  there  exists  an  eigenfrequency  -co  with  the  same 
/\   n^  n 

multiplicity,  for  if  E  ,  H  are  eigenfunctions  to  the  eigenfrequency  co  ,  then 

A      A 

->    -> 

E    ,-H    are  eigenfunctions  to  the  eigenfrequency  -co     .     Therefore,  from  now  on, 
we  consider  only  the  positive  eigenfrequencies  w    >rtiich  we  arrange  increasingly 

.  /^  A 

-(0  <(o-<cou<...).     Ife  and  p.  are  not  equal  to  1  we  can  normalize  the 
equation  (1.1)  by  the  siibstitution 


(1.2)  H»-/6H,E-v^E,®  /eil     -  co 

and  obtain 

-o  — >  ->  — > 

(1.3)  VXE     -icoH     -0,         VxH     ♦icoE     -0 

-5?         -> 

with  the  boundary  condition  nxE     -OonF.     We  assume  therefore  that   e  -  n  ■  1. 

->    -> 
We  may  define  Green's  tensors  O.Ax  ,  y  ;  oo)   (i,k  -  1,2)  for  the  Maxwell's 

*»quations  by  the  following  relationships: 

1)     The  singular  parts  0       (x  ,  y  ;  co)  are  determined  by  the  postulate  that 
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->    -> 


for  every  constant  vector  a     and  for  <^  -  = exp(ico|x  -  y   |) 


(l|L^(x  ,  y  I  co)a     -  ico  </  a     +  i  V-<»  (a  V->  5^) 


(l.U)  < 


^    ->  ->        ->  -> 

02^  (x  ,  y  ;  co)a     »  7_>  (2(x   a 

^^    ->  ->         ->  -> 

^12^^  »  y  *  '^^^     -  -  V->  ;^X  a 


V 


^^    ->    ->        ->  ->      .  -> 

^22^^  »  y  ;  «)a     ■  i«  J^  a     +  _  V->   (a  V->  (ft)  . 


2)  Each  component  of  the  compensating  parts 


(1.5)    K  (x  ,  y  ;  co)  -  G  (x  ,  y  j  co)  -  Q..  (x  ,  y  ,•  co) 


ik' 


is  continuously  differentiable  with  respect  to  x     in  V  . 

3)     The  vector  fields  Q^j^a     and  Ggj^a     (k  -  1,2)  satisfy,   as  functions  of 
X    for  X    /y  ,  the  homogeneous  Maxwell's  equations;  i.e.. 


->    ->        — > 


'r>  xQiJx  ,  y  J  co)a     -  ico  0„.    a     -  0 


X     ^    Ik 


2k 


(1.6) 


V  ^  ^2k  ^ 


+  ico  G..    a     ■  0  . 


U)     The  following  boundary  conditions  are  valid 


(1.7)        n    X  Q^jj.  a    -  0 


(for  X     6  F,   k  -  1,2) 


If  03  is  not  an  eigenfrequency  of  the  Maxwell's  equations  -  especially  for  pure 
imaginary  values  of  oo  -  then  the  Green's  tensors  are  uniquely  determined. 

The  proof  of  the  existence  of  Green's  tensors  leads  to  a  boundary  value 
problem  for  the  Maxwell's  equations,   which  was  solved  by  Glaus  Mueller'-  ^'^  K 
For  the  compensating  parts  we  write  with  a  still  unknown  tangential  vector 
field  V  (x  ,  y  )     (x     e  F,  y  e  V) 

->    ->        ->  ,      /   -^  — >    ->  — >    — > 

(1.8)  K^2^^  »  y  ;  «^)a     '  '  j^     I     V  (p  ,  y  )   X  Vh>  fl((p  ,   X  )dF-> 

F 

After  applying  the  well-known  Jump  relations,   the  boundary  condition  (1.7) 
yields  the  integral  equation 


(1.9)         7(7,  ^)  -  5i    f  "^(p)  >^  (V  (q  ,  y  )  )<  v->  jz((q  ,  p  ))dF-5 


— >  — >  ->->-?► 

2n  (p)  X   (V->  ^(p  ,  y  )  y  a  ) 


or,   written  symbolically, 

->    ->       ->  ->    r         ->]       ->  ->  -> 

(1.10)      (V  -  MV  )  -  2n  (p)  X  |V->^  X  a  J  -  W  (p  ,  y  )  . 
If  we  introduce  as  norm  of  the  vector  field 

the  integral  transformation  M  is  completely  continuous  in  the  Banach  space  of 
all  continuous  tangential  vector  fields  on  F.  If  m  is  not  an  eigenfrequency 
of  equation  (3),  then  the  integral  equation  (1.9)  has  a  unique  solution  for 
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all  inhomogeneous  continuous  tangential  fields. 

The  same  integral  equation,  but  with  different  inhomogeneous  vector  fields, 

— > 
holds  for  the  generating  field  of  the  compensating  part  K.-a  .  The  tensors 

K_^  and  K.-,  which  we  obtained  with  the  solutions  of  the  integral  equation, 

and  the  tensors  Kp^  and  ¥L.   obtained  by  differentiation  from  them,  satisfy  all 

the  postulates  (l.h)  to  (I.7). 

The  following  symmetry  equations  hold  for  the  tensor  as  well  as  for  the 

singular  and  compensating  parts  alone. 

•  ->  ->         — >  -> 

(i«ii)  ^11^^  »  y  >  »)  "  '^11  (y  ,  X  ;  cd) 

,  — >  — >  — >  -> 

(1.12)  G^(x  ,  y  i  co)  -  -'Jgi^y  »  X  ,•  «) 

,  — >  ->         — >  — > 

(1.13)  G^^ix  ,  y  ;  03)  -  0^2 (y  ,  x  ;  ") . 


Finally,   one  can  show  that  the  tensors  G^p  and  G-^   still  exist  for  00  — >  0 
Using  the  tensors  G^  and  G-. ,   we  can  constnict  the  following  iterated 
tensors 


->     ->  ,  z'  — >     ->  ->     -> 

(l.m)  Gp.(x  ,  y  ;  co)  -  -  - — -■  Gtp(x  ,   B  J  *)G5t(z  ,  y  ;  co)dV- 

"in)      J^ 


->    ->  ,  /  ->    — >  ->    -> 

(1.15)  Gjj(x  ,  y  ;  co) ^  G^^(x  ,   z  ;  o)G^(z  ,   y  ,•   o)dV-> 

(^n)       J^f 


The  electromagnetic  eigenf unctions  satisfy  the  integral  equation 


g.x^   y^  ir)E^(yMv^  -  T^ 


(1.16)  {u,^  *T^)    (    G^(x  ,   y  }  ir)E„(y)dV^  -  E„(x) 
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(1.17)  (c^^  *r^)  I     (i^^i^,  y^   ir)H^(y)dV->  -  H^(x^ 


and  the  bilinear  expansions 


-o  ->->,  -> 

->     ->  ->     ->  E   (x)E    (y) 

(1.18)  Gg(x  ,  y  ;   o)  -  Gg(x  ,   y  ;   ir)  -     Z      -^ r^- 

CO  >0    w     (w     +r  ) 
n  n  ^  n 


— >  — >— >j  — > 

«>     _>  _>     _>  H   (x)H   (y) 

(1.19)  Gj^(x  ,  y  J  o)  -  G^(x  ,  y  ;  in  -    E      "V"^ 


CO  >  0    00     (co     +  c  ) 
n  n       n 


2.  Bilinear  Expansions. 

We  start  our  considerations  with  the  bilinear  expansion  (1.18) 

_>  _>_>^  _> 

_       E  (x)E  (y)      ->  ->        ->  -> 

(2.1)         t-^  12     -^ — hr- '  '^E^^  >  y  ;  o)  -  ^e^-^  ,  y  ;  m  . 

CO  >  0  CO  (co  +t  ) 
n      n  ^  n 

— >     — > 

Letting  y  — >  x  ,  and  taking  the  trace  of  the  matrices  on  both  sides  of 

equation  (2.1),  we  obtain 

->  ->  2 
2       |E  (x)|  ->    ->  -c»  -e> 

(2.2)      r   r    'T     ^     ^     -  J^  _>  trace (G(x  ,  y  ;  o)  -  G^(x  ,  y  ;  iT"))  . 
-  CO  ^(co  ^+r)   y-*  X       E  ^ 

CO  >  0  n  ^  n 
n 

We  want  to  examine  the  behavior  of  the  iright  hand  side  for  T  — >  od  ,  For  this 
purpose  we  write,  according  to  (l.U)  and  (1.5),  the  tensors  as  the  sums  of  their 
singular  and  compensating  parts,  and  in  this  way  find  three  additive  expressions 
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which  we  call  R^>  Rp  and  R  . 


— >  -> 


(2.3)      trace_^  ^  Gg(x  ,  y  ;  o)  -  Qg(x  ,  y  ;  it)  j^  -  R^(x  ,r)  +  RgCx  ,r)  *  R^(x  )  , 


vrlth 


(2.ti)   (Un)-R^(x  ,r)  =  trace  _lim  _^  I  G*  (x,  z;  o)(G*^(z,  y;  ir)-Q*^(z,  y;  o)  )dy- 

y   >  x  y ,. 


(2.5)   (Un)''R2(x  ,r)  "   trace    G^2(^>  z*  o)K2i(z»  ^  ;  i^OdV- 


->  ->      -> 


trace  I  K^(x,  z;  0)0^^(2,  x;  ir)dV-> 
V 


(2.6)   -(Uti)^R  (x)  '  trace    K^^Cx,  z;  o)G^^(z,  x;  o)dV^ 

/*   X  ~^  "^      ->  -> 

+  trace  I  0^2^^*  ^f   o)l^^(z,  x;  o)dV->  . 


As  indicated  in  our  notation,  we  first  observe  that  R  does  not  depend  on  t', 

Therefore,  we  have  only  to  deal  with  the  behavior  of  R^  and  R  ,  and  shall  now 

pixjve: 

->  1) 

Lemma  1 :     For  x  e  V  ,       r-^  >  a  >  0       and  T  -*-  00  ; 
'  X     — 


IT 


We  denote  with  r->  the  distance  from  x    to  F,   i.e., 
X  *  ' 

r->  "  g  1  b  |5f  -  ^1    . 

?*6  F 
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(2.7)         \(x  ^t^)  '^*   C^(x)  +0(e''  ) 


Proof:  According  to  (l.lt)  we  have 


(2.8)    trace  0*(x,  z;   o)G-- (z,  y;  i<^)  -  -2  V->         V->  (^(z,  y)  . 
12         21  z   ^>_  ^>    z 


therefore 


(2.9)    ^L_.  trace    G^g^^,  ^^  o)G,^(z,  y;  ir)d7-> 

(Hn)  ^y 


-  -  ^  I  V->  1 V->  ?f(z,  y)dV->  . 

o  2     z  I  — >  — >  I   z         z 
8n  y^     |z  -  X  1 

We  apply  Gauss'  integral  formula  to  the  last  expression  and  obtain 

(2.10)   [  V^  J-  V^  ?r(zr  xMV^  «  Un  5f(x^  y^  +  f  glizl  y).  ^  ^^  ,>  '^^ 

;„  ^   z  -  F^  ^  ^P  z  Iz  -  X  I 


or,  consequently. 


r 

-> 
For  every  point  x  e  V  with  r->  >  a  >  0  and  for  every  '^>  0  we  have 

(2.12)        r  i±jjlI   3  _i — ^^  .  ou-^) 


-  13  - 


and 


f      '^ 4- dF->    -     C,  (x)     , 


(2.13) 

F      Iz''-  jf!    •""z"'   iz''-  x" 


where  C. (x)  does  not  depend  on  T  and  is,    as  a  function  of  x  ,   bounded  for 


r—>  >  a  >  0.     This  proves  Lemma  1, 


Lemma  2 :     For  x  e  V,     r—>  >  a  >  0  and  f  >  0 
*        X     —  — 


->  */2 

(2.1U)  RgCx,  r)  -   f       g(r,  x)e'^^(l  +  rr)dr  +  OCe"*"/^^)  , 

0 

->  -> 

where  g(r,   x)  is,   as  a  function  of  r  with  fixed  x  ,   continuous  in  the  interval 

0  <  r  <  ^  . 

Proof:     According  to  (1.8)  and  the  symmetry  relation   (1.12)  we  obtain  the  ten- 
->  ->  — >— >  — >      -> 

sor  Kp-(z,   xj   if)  with  the  help  of  a  tangential  vector  field  V(p,   z),    (p  e  F)  , 

by 

,     — >  — >        ->  — >  — >        — >      .    /■    — >  — >  — >  — >  -> 

(2.15)       I^3^(z,   Xi   ir)a  =  -  K^ixy   zi.±V)a.  '  j^  \     V   (p,   z)  X  7->  J^(p,   x)dF->  . 


In  the  last  equation  V  is  the  uniquely  determined  solution  of  the  integral  equa- 
tion, cf.(l.lO)  , 

->     ->    — >  ->    r       — >  — >     ->]    _>_>_> 

(2.16)      V  -  MV  -  2n  (p)  y  7->  j2f(p,  z  )  ya   -  W  ^p,  z  ) 


with 


-  lU  - 


(2.17)     M7  -  ji    n  (p)  X  (V  (q,  2  )X  V->  0(q,   p  ))dF->  . 


We  are  going  to  prove  Lemma  2  in  three  steps: 

— > 
1)  We  show  that  the  solution  V  of  the  integral  equation  (2.16)  satisfies 

the  estimation 


(2.18)  lv'*(pr  z)\      -  0  (__1_^]       (7e  F) 


uniformly  for  every  f  >  0  . 

— >  -> 

2)  We  derive  from  this  an  estimation  of  the  canpensating  tensor  {^-.(z,  Xj  if), 

3)  By  means  of  this  we  obtain,  finally,  an  estimation  of  the  expressions 

contained  in  YU,   which  will  give  the  result  of  Lemma  2, 

— > 
1)   The  tangential  vector  field  V  is  a  solution  of  the  integral  equation  (2.16) 

->    ->   — >  ->  -> 

V  -  MV  -  W  (p,  z  )  . 

->  ->  ->  ->     -> 

The  tangential  vector  field  W  (p,  z  )  becomes  singular  for  z  — >  p  c  F: 

(3.«)   |w|(p..,|.o(|,->i-j^-^|j.o^^^^j. 

uniformly  for  every  f >  0  . 
Moreover,  as  we  shall  prove  later. 


(2.20) 


\m 


- 15- 


->    ->l 

p  -  z 


|M^W   I    -     0  (log  -—5: 


|P>-  z>| 


|M^W   I    -     0(1)      , 


where  these  estimations  hold  uniformly  for  every  f  >  0.     In  order  not  to  inter- 
mapt  the  present  deductions  we  shall  shift  the  proof  of  the  estimations   (2.20) 
to  the  end  of  this  section    (see  Lemma  3). 


We  introduce  now  the  tangential  vector  field  (z   e  V) 


(2.21) 


V     -  W     -  MW     -  KTW     . 


Then  V   satisfies  the  integral  equation 


(2.22) 


V  *  -  MV  *  -  m\  . 


Hence,   we  have,  id.th  a  suitable  constant  C, 


(2.23) 


V  *||    <  C   II  m\  II     -  0(1)     , 


which  holds  for  every  z  e  ?+F  and  uniformly  for  every  f  >  0.  We  obtain,  there- 
fore, 

->    — >    — >    ^— > 


(2.21;) 


|v|  <  |w|  +  |mw|  +  |m^w|  +  0(1) 
|vt  -of— i ^  , 


uniformly  for  every  T  >  0  . 
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2)   From  {2,lS)   we  find  as  an  estimation   for  the  compensating  part  K  ; 

_  _  — >  — > 

(2.2?)   KM,   x^  i^)|  -  o(e-^^  (    "^[:^ly."|l^  (l-'ily^  zi  )dF->)-  O(e-<^^og  -i^)  , 

V   y^   |y  -  z  I  ^  /         z 


which  is  valid  for  r->  >  a  >  0,  z  e  V  and  every  t>  0  , 


3)   For  the  first  summand  in  (2.$)  we  obtain 


I  _i^  trace  J  Q^^^^'  ^i   o)J^^(z,  x}   ir)dV->l 


(2.26)  -  0  (e"*^^  j  i y  log  —  d7-> 


0(e"^^)      (r->^a>0) 


We  consider  now  the  second  summand  in  (2.5), 


^        f  ->  ->      ->  -> 

— 2- *race    K^2^^»  '^^  0)^21^^*  ^*  if)dV- 


(U 

(2.27) 

(U 


")       yy  (an)       y^ 


ly 


|K_-(  "0(6   log  -3^)  means  that  every  component  of  the  matrix  satisfies  this 

z 
estimation* 
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Since  K_»(x,  z;  o)  is,  as  a  function  of  z,  continuous  in  V  +  F  for  r->  >  a  >  0, 
by  (2.25)  for  the  second  term  of  the  right  hand  side  of  (2.27),  we  immediately 
obtain  the  estimation  0(e   )  . 

In  order  to  estimate  the  first  term,  we  divide  the  region  V  of  integration 
into  two  parts,  namely  in  the 


— >   ->  -> 


sphere  V 

and  the  remaining  region  V„  =  V  -  V^. 

— >  — > 

In  the  remaining  region  Vp  we  have    |x  -  z    |  >  j  ,   i.e.. 


(2.28) 


|G2^(z,   x;  it)  I     -     0 


r  -  a^. 
e     2(1  ^f|x  -  z    I) 


(2.29) 


^21- z' 


¥^^G^,<N->\ 


0(e"''/^^)  for  r  -^  00 


In  the  sphere  V^  we  obtain,  by  using  (l.h). 


1         f  ">->»->  -> 

J-  trace    ^2^^*  ^'  °^°21^'^'  ^*  it')dV-& 


(2.30) 


-  2 


3      ->  ->   ->   -> 

T~    K2^(z,  x;  o)e^x  e^ 
i=l 


-rr 

(V->r)  ^-5-  (1  +  t:r)dV->  , 
r  ^ 


— >  -c» 


r  ■  |x  -  z  I  and  e_,  e^,  e,  being  the  three  unit  vectors  of  the  coordinate  axis. 


If  we  split  the  integration  over  the   volume  of  the  sphere  V^  in  an  integration 
over  the   surface  and  in  an  integration  over  the  radius,   we  find 

(2.31)  -L^    trace  [     ^(^l^   ^'f->     '     f       g(r,   x)  e"^^(l  *rr)dr 


with 

(2.32)       g(r,   x)  -  -^         I  rr    K23^(z,   x;   o)e.  X  e.W   |x  -  zldF->     . 


i->    — >| 
X  -  z     -r 


The  tensor  K_t (z>   xj   o)  is  in  V     continuous  as  a  function  of  z^j  therefore, 

->  a 

g(r,   x)  is  continuous  as  a  function  of  r  in  the  interval  0  £  r  <  ^  .     From 

(2.26),    (2.29)  and   (2.31)  follows  Lemma  2.     We  combine  Lemmas  1  and  2  in 


Theorem  It 

->  ->     -> 

For  X  e  V,     r->     -     glblx-p|>a>0     and   t  >  0 

p^6   F 


— >    — >    2  n/2 

(2,33)  r^    r  g"^     ^     -  ^  *  C(xh[      g(r,  xV^'*(l  +rr)dr  +  Oi^'^^'^^)  , 

CO    >0"n  ^'"n*^^  ^ 

n 

-j>  ->  -> 

The  functions  C(x)  and  g(r,  x)  do  not  depend  on  '^.  g(r,  x)  is  continuous  as 

a  function  of  r  in  0  <  r  <  a/2  . 

We  next  want  to  derive,  as  we  did  in  Theorem  1,  an  estimation  of  the 
->   ->  ->    ->    -> 

bilinear  expansion  (2.1)  for  x  /  y  .  We  suppose  that  x  e  V,  y  6  V,  x  ^  F, 

->  -> 
y  /  F,  and  assume  that  r->  <=  a>0,  |x  -  y|  ■  p  >  0  and 
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Min   (a,   p)   -  y  >  0   . 


->  — >  t   ->       o  ->  -,  — > 


We  denote  the  components  of  the   vector  E  (x)  by  E  (x),    E  (x)  and  E'^(x).     With 

nn'n  n 

these  notations  we  have 


Theorem  2: 


For  Y  >  0       and  k,  ^  -  1,   2,   3 


E*;(x)  E^y)  ^  ->        ^'^^ 


CO    >0    -n^'*^) 
n 


"^  0 

.0(e-Y/2^)      . 


The  functions  C,      and  g,    -do  not  depend  on  f  .     The  functions  gv.«(r;  x,  y) 
are  continuous  as  functions  of  r  in  0  <  r  <  y/2   • 

Proof;     It  follows  from  (2.1)  and  (l.lU)  that 


eJ;(x)  E;f(y)  ->,  ->  ->  _>  ->         ^ 


(2.35)       f^    JZ  -^ — TT"    "    *k"^^^^*  y»  °^  "  ^E^""*  y*  ^^H  ^ 

-,  CO     (co    +r  ) 
CO    >  0       n   ^  n 
n 


eJ;(x)  E^(y)  1       r        I  ->  ->  ->-»-> 

^'  n     \.  2%,  ■  -  77-7    ^  ^^^>  ^'  °^^2i^^'  y'  °>V  dV- 

co    >0    "n   ^^n*^^  ^^"^    >'v 

n 

(2.36) 

dV- 


—-2-         ej^  G^(x,    z;  o)G2^(z,  y;  ir)e^      ^ 
\.hn)    J^ 
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We  now  write 


(2.37)      C 


^(x,  y) J   I  e^  G^^ix,    z}   o)  G^^Cz,  y;   o)e^  dV-> 


From  (2,25)  ve   obtain 


(2.38) 


0  e 


-at 


X-  log  —  dV-5 

[-i>    ->|2   *  r->   z 
he  -  z       y 


0(e"°^)  -  O(e-Y^)  . 


We  divide  the  region  of  integration  in  the  remaining  expression 


(Un) 


•    _* 


?  I  \     ^12^21  V  '^^r  ' 


again  in  the 


— >   — >  — > 


phere  \  '  C^  *    |z  -  y  I  <  y/2 


and  the  remaining  region  Vp  ■  V  -  V-  • 

We  then  obtain  (analogous  to  (2»3l)) 
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y/2  _^  -> 

(2.39)  — ^     I     \  Gi2^''^  ^  o)G2i(^>  y*   i^^*^  "^^z  "   (     ^kj?^"''  ""'   y)e"'^''(l+rr)dr 


with 


(2.U0)       g^(r;   x^  ^  -  -  -i^        J        (G2;l(^^  x^  o)9j^  X  •^h^>U  -  Y   |dF-> 


|y>_    z>|-r 


In  the  remaining  region  V^  we  have    |z  -  y   |   >  y/2   ,    i.e«, 
(2J.a) 


G^^Cz,   y;   ir) 


-     0(e-^/2^)  , 


so  that  finally 


(2.U2)       -^     I     %0^^{x,   zi   o)G*^(z,  y;  i^')e^  dV^  -  0(e"^/^'^)   . 
(Un)      y^ 
2 


We  have  thus  estimated  all  expressions  which  appear  in  the  bilinear  expansion. 

From  (2.32)  to  (2.liO)  and  (2.U2)  follows  Theorem  2. 

As  a  conclusion  of  this  section  we  have  still  to  prove  the  estimations 

— >  — >  — > 
(2.20);  i.e.,  starting  with  the  tangential  vector  field  W  (p,  z)  on  F 
->     ->  ->   p-> 

(p  c  F,  z  e  V),  we  liave  to  consider  the  tangential  vector  fields   MW  ,  frW, 

M-^  .  The  tangential  vector  field  W  is  defined  in  (2.l6),  the  integral  opera- 
tor in  (2.17). 

In  the  following  we  divide  the  surface  F  in  three  parts  F^,  F^  and  F-. 
Every  point  q  e  F  with  |<l-p|<s-|p-z|  belongs  to  F^;  every  point 


'y 
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q   e  F  with   |q-a|<p|p'z|   belongs  to  F^,   and  all  other  points  of  F  to 

We  now  have   (cf.  [8],   p.38) 

— >->  ->      — >  — > 

Lermna  3:     Suppose  the  tangential  vector  field  W(p,    z)     (p  e  F,   z   e  V) 

satisfies 
•(A)      [w'^Cp^^l-O     (    i )    ,        6<2 

and 


)        I  W   (q,    z)dF->       -     0(1) 

Jf 


(B 

'F 


->  — > 

for  eveiy  p  e  F  and  z  e  V  .     Than 


(2.U3)  \m\     -     0   f-_^_^jor     0    (^log     -^^L^ 


or  0(1),  if  6  >  1  resp.  5-1  resp.  6  <  1.  These  estimations  hold  uni- 
formly for  r  >  0  . 

— >     ->    — >       — >      — > 

Proof  t     We  write  2nMW«"d-d-+d2  +  d^  with 


— >        f    — >  — >        — >  — >  ->  — >  — > 

d^  -    I     n   (p)  X   (W  (q,    z)  X  V->  ^(p,   q  )    )dF->  (i  -  1,   2,   3) 


->       ,     ->     — > 


Since  for  q  eF.    |q-zl  >s-|p-z   |   we  havw 
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(2.UU) 


->->—> 


(n  (p)V->  i2f)W  (q,    z)dF->|   -  0 


7^     ->|6 
|p  -  z   I 


dF-> 


ir-  ri 


— >   — >         ->    ->   H>  — >„     ->   — > 


and,   putting  n   (q)  XW  (q,   z)     -     W     (q,   z)  , 


— >  — >— >  — >  — > 

(n   (p)W  (q,    z)V_>  (2f  dF-> 


->->       ->—> 


Jj       In(p)^x_n(q)|    ,->.,^.^ 


(2.h5) 


r        dF-> 
q 


^     — >|5 
p  -  z    I       J 


F        1^"*-  P^l 


From  the  last  two  equations,   it  follows  that 


(2.)46) 


— > 
Id 


ll     -     0    (,_,_'., ^b,i)       or     0(1), 


if  6  >  1  resp.  6  <  1  . 
For  q  e  F-  we  have 


1  — >  — >     — >  — >     ->    ->  — >  -> 

(2.U7)        ^  IP  -  z  I  <  |p  -  q  I  <  |p  -  z  I  +  (q  -  z  I 


and 


.  — >  — >    — >  ->    _>  _>    _>  _> 

(2.)48)         J  |P  -  z  I  <  |q  -  z  I  <  |p  -  z  I  +  |p  -  q  I 
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Hence 


(2.U9)  T< 


— >    — > 

|p-q  I 


— >  ->  ->  — > 

|p  -  q   I  |p  -  z    I 

<  1  +  <  3     . 


^-  ir-^Hp^'Tl   -   l?-z^l  "       iq-2 


— >  -> 

|p-q| 

The  quotient     — ^ r—  is  bounded  from  above  and  below  on  F^.     We  obtain,   there- 


\^-r\ 


.3. 


fore, 


(2.50) 


J, 


->  ->      —>     . 

(n  (p)Vi2f)W  dF 


dF-> 

q 

F3  ir-riir-z=^r 


dF->  \ 

q  > 


F-F^    If.  t\ 


5+1/ 


and 


(2.51) 


n  (p)  X  n  (q)   .  W*(q,    z)  VjZf  dF 


dF-j> 

t: 


From  (2.50)  and  (2.51)  it  follows  that 


(2.52)        |d^|     -     0 


F-F, 


dF-> 

IP  -  q  1 


r^>  -> 1 5-1 
Ip  -  z  I 


IP  -  z 


or  0    (  log  —-— )     or     0(1)  ,     if     6  >  1     resp.   5-1       resp.  6  <  1 
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For  the  estimation^  ia  (2.UI4)  -  (2.?2)  we  used  only  assumption  (A)  of 

the  lemma.  For  the  estimation  of  the  corresponding  integral  over  F_,  which 

we  called  dp,  we  also  have  to  use  assumption  (B).  Let  z   be  the  foot  of  the 

perpendicular  from  z  on  F  (z  e  F^),  which  is  uniquely  determined  for  suf- 

->  — >        ->  ->  -> 


ficiently  small  distances  |p  -  z  |,  With  q  e  F_  we  then  have  |p-q|>;r|p-z  \, 

1 
^2 


»    1      ' 
especially  |p-z   |>;r|p-z 


We  write  now 


(2.?3)    < 


— > 


i->  ->     — >  — > 
n  (p)V->;if(q,  p) 


— >  — >  — > 

W  (q,  z)dF-> 


->  — >  — > 

+  I   (n  (p)  W)V^  dF-> 

F 
^2 


-I  "I 

-  dli-   +   d: 


2  , 


with 


I  -  n"(p')v;>*?f(z''*,  p")  /  w"1f^.  J  [n^(V^  0  -  V  ^^j^dF-^ 


(2.$li) 


'^ 


11 


'12 


and  obtain 


(2.55) 


111 


7^     ->  1 6-1 

Ip  -  z  I 


resp,  0(1) 
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Since  for  q  e  F, 


(2.56)    |r(p)fv-><jr(q,  p)  -  l~\(^{z   T  P  )) 


we  find  for  the  second  term 


^ 


12  I 


•  0 


iF^^Tp  J,  I?-  ? 


P  -  2  I 


dF-> 

q 


(2.?7) 


7^^^  ->l5-l 
Ip  -  z  I 


reap  0(1) 


Finally  wa  have  to  estimate  the  term 


c^  -  V^«j^(z  ,  p) 


n  (p)  X  n  (z*)  J   W*(q  ,  z)  df-> 


(2.58) 


+  (V^«iZ()  I  n  (p)  X  (n  (q)  -  n  (z  )  )  W   dF-, 
F 

+  I   In  (p)  X  n  (q)  •  W*  (q,  z)|(V^  -  V^**  9^) 
F 

T>21   ^   ">22  ^   J*23 

-  dg     *   ^^2  +   d2    . 


dF^  , 
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We  find  that 


(2.<9) 


W     dF 


(2.60) 


d22    I   -  0     f l-^   (         '^  -  ^     '    dF-> 

^2      I  1.^.  ^|2     J^        |q>-   z>|'       "^ 


IP  -  z    I 


(2.61) 


->->—> 


d23l    -  0  (    f       |P-q   Ih-'      I-   6F->]     -of   — i— 7 


|q  -  H.  clF->] 


Therefore,   we  obtain 


(2.62) 


?|-°   I   ,->    ->.6-l 
|p  -  z 


reap.  0(1), 


if  5  >  1       resp.       5  <  1  . 

These  estimations  hold  uniformly  for  every  t  >  0.  We  have  thus  proved  Lemma  3. 
If  we  aow  apply  Lemma  3  to  the  tangential  vector  field 

(2.63)        W  (p,  z  )  -  2n  (p)  X  lv->  gr(p,  z)  X  a  I  , 


find,  since  |V->  ^1  <  V->  = , 


|-5>   -5 
IP  -  Z 


(2.6U)  IvTc^z)!  -  0  (  ^^^A 


and 


(2.65)         I  f  "TiZ   z  )dF->|  »  0(1) 
^2 


The  assumptions  of  Lemma  3  are  satisfied  and  we  obtain 


(2.66)        I  MW 


ir-  z>! 


Generally,  in  Lemma  3  assumption  (B)  is  always  satisfied  if  in  assumption  (A) 

5  <  2.  We  may,  therefore,  apply  Lemma  3  to  the  tangential  vector  field 

— > 
MW  and  find 


.->i 


(2.67)         I  M^W  I  -  0  (log-^ 

|p  -  z 


and 


(2.68)  I  M^^'  I   -  0(1)   • 

This  proves  all  the  estimations  in  (2.20) 
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3,  Application  of  a  Tauberian  Theorem, 

At  first  we  recall  some  well-known  formulas  with  improper  integrals, 
Using  the  notation 

(3.1)       Ar,   x)  -  1  +  I  sin  rA  -  |  f     ^^  <^  > 

o 

we  have 


and 


(3.2)       X  f   tiili-^  dbc  -  e     (1  +  r/T  ) 


(3.3)         \Ar,  x)|  <  2(1  +  i  )   for  all  r,  x  >  0 

00 

(3.h)        X  f  -^^dx  -  J  A 

i  (X+x)^       ^ 


-|3!A 


/-,  ,-^       2  f    sin  sA"  .-v    e"'^'''"  ^ 

•'^   s(X+\j)^        /u 


The  point  x  e  V,  x  /^  F  is  considered  to  be  fixed  from  now  on  {t->  >  a  >  0) 
Furthermore,  we  use  the  following  notations 

a/2 

(3.6)  h(x)  -  f   g(r)  ti(r,  x)dx  , 
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where  g(r)  is  the  function  which  we  introduced  in  Theorem  1;   i.e.,    g(r)   is 
continuous  in  the  interval  0  <  r  <  ^  . 


(3.7)  A(t)     "       Z  -^ ^-C(x)-h(t) 


0  <  00    <  t  n 

n  — 


CO  n 


f  or  t  >  0       and       A(0)  -  0  . 


(3.8)  A*(x)     -     I     A(t) 


X 

o 


00 


(3.9)  B(X)     -     xf      ^-^dx 


i->  ->i 


|e„(x)| 
(3.30)  9g(t)      -       ^  —j^ 


0  <  CO    <  \A  n 

n  — 


With  these  notations  we  have 


oo        |E„(x)r 


(3.n)  xr    -h-7--    M    ^ 

n«l     CO     (co     +A.;  J        ,  ^ 


dO,  (x) 


,     (co     +X)  -  , 

n  ^  n       '  o      X+  X 


or,   after  partial  integration       (6-,  (o)  ■  O)  , 


It  follows  immediately  from  the  convergence  of  the  Stieltjes  transformation 
,00  d9^(x) 

■«— that  9- (x)  ■  o(x)j     therefore,  it  is  possible  to  integrate  by  parts, 
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(3.12) 


X  i_     — 2 — 2 — 

n"l     0)      (to     +X) 


e-,^(x) 


dx 


Lemma  U:     The  following  statements  are  true! 


(3.13) 

|h  (x)   I     -    0(1) 

(3.1U) 

1  A(x)    1     -    0(A) 

(3.15) 

1  A*(x)|     -    0(x^/^) 

(3.16) 

1   B(x)    1      -     0(e-^/3  ^) 

>        for 


X  — >   00 


Proof:     The  estimation  (3.13)  follows  immediately  from  (3.3)  and   (3.6). 
Theorem  1  and   (3.12)  yield,   furthermore. 


(3.17) 


X  I         J: dx     -    0(A)     . 


9, (x)  is  a  monotonicly  increasing  function;  therefore, 


(3.18) 


©,(X)  -  ©,(X)  .  2X  f  ^   . 

^        ^  \  (X+x)^ 

<  2X 5-  dx  -  0(/x) 

i„  (X+x)^ 


From  (3.18),  (3.7)  and  (3.13)  follow  (3.1h)  and  (3.1^) 


'  32  ' 


From   (3.7)  we  now  obtain 


(3.19) 


)      rx  + 


x)dx 


(^+  x)' 


©T(x)d>c 


dx 


( x+  xr 


-  X 


(       h(x)dx 
J        (  X+  x) 


Using  formulas   (3o2),    (3.1|)  and  (3.6)  we  have 

00 

^    f      A(x)dx 


(X+  x)^ 


CD         \T{T)\^ 


l/2 


^co2(co2*X)  ^  ^„  ^^      (X*x)2 


?^     1^.(^)1'        yx 


a/2 


r    -TT-r-T    -    ?l    -  C  "       f      g(^)«"^^  (1  *  rA)  dr  . 
n^  to     (co  ^+X)  '^  ^ 


Therefore,  by  Theorem  1, 


(3.21) 


-  |i/x 


^.     (X^-x)^  V  / 


and,    on  the  other  hand. 


00        ^ 
(3.22)  xf      _AWdx       ^     2X    f       -A-W       dx     -     2B(X) 

J ,      (X+  x)^  /        (X+  x)^ 
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Hence,  from  (3.21)  and  (3.22),  (3.16)  follows.  We  have  thus  proved  all  statements 
of  Lemma  U« 

Lemma  $;  The  function 

00 


(3.23)  f(z)  -  [   a"''^A(v2)dV 


converges  for  Re(z)  >  0  and  is  holomorphic  in  that  region.  Furthermore,  it  is 
possible  to  continue  f(z)  holomorphically  into  the  circle  |z|  <  ^,  and  ^{z)  is 
bounded  in  |z|  <  r-  . 

Proof!  The  first  statement  of  this  lemma  follows  immediately  from  (3. lb). 
Moreover, 


00 

(3.2h)  r(z)   -  I   I 


-z/u 


A(u)du     . 


o     yu 

For  real  values  of  z  >  0,   using   (3.5),  we  therefore  have 

00  CD 

(3.25)  f(z)     -if  f      A(u)  -iM^     dl  du     . 

"    >  J  z(  X+  u)2 

0  0  ^ 

We  may  interchange  the  order  of  integration,   and  obtain  from  (3.22) 

00 

(3.26)  Hz)     -     I     f      B(X)     ^ilLiA     dX     . 


-  3U  - 


For  complex  values  of  z  and    real  pcsiti\e  valves   of  X 


(3.27) 


i.e.. 


sin  z/^ 
z  X 


1  U!A 

—       e 


(3.28)      |r(z)|   <|     f|B(X)|   ll!!:^dX    .off    e-(^/^-    '^'^^    ^-^ 


The  integral  representations  (3.23)  and  (3»?6)  define  the  same  function  for  real 
positive  values  of  z.  The  representation  (3*26)  converges  for  all  |s|  <  •r 
and,  therefore,  defines  in  this  region  the  holomorphic  continuation  of  the 
function  ^(z)  which  is,  according  to  (3.28),  bounded  in  [z]  <  r-  •  This  proves 
Lemma  5. 

We  are  now  going  to  use  the  following  Tauberian  theorem,  attrib'jted  to 
A.  E.  Ingham 

Theorem  3: 

Suppose  that  A(x)    (A(o)  ■  0)  is  real,   for  real  x,    of  bounded  variation  in 
every  finite  interval.     Suppose  further  that  there  is  a  function  H(6)  such  that, 
for  every  5  >  0  , 

(3.29)  A(x  2)     -     A(x^)     >     -  H(6) 


for         x<x    <x  +  5     ,       x>x^(5); 


Tl 

A.  E.  Ingham   [5],  Theorem  3,   pg.  U6U   . 
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that  the  integral 


00 


(3.30)         /(z)  -  j  e'^'"-   d  A(x") 

o 

is  convergent  for  Re(z)  =0'>0  {z  *=  C  ■*■   it)  ,  and  th?t  f   (z)  satisfies  the 
condition 


f*(z)  -  /(o) 


is  continx^ous  in  &  >  0,     -T<t<+T. 
Then 


(3.31)       lim    |a(x2)  -  f*(o)j  <  K  .  H(T-^)  , 

X  — >  00  ~ 


where  M  is  an  absolute  constant. 

We  shall  now  show  that  the  function  A(x),  which  we  introduced  in  (3»7)j 

t 

satisfies  all  assumptions  in  Theorem  3.     We  hava,    wit}i  x<x    <x  +  6, 

A(x'2)-A(x2)     -        Y2  l^^-%i^-h(x'2)   +h(x2) 

•       CO  n*" 

X  <  CO    <  X  n 

n  — 

(3.32)  ^/2 

>  -  4  -   f        g(r)   (n(r,  x'2)  -  ^i(^,  x^)   )dr  , 
o 

and,   according  to  (3«l), 
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(3.33)  U(r,  x'2)  -  Ar,  x^)| 


sin  rx    -  sin  rx 


(  sin 

rx 


dt 


<  -i=-    (x  -  x)  < 

—    7t  -        71 


i/2 


Hence,    putting     M-      -     ~7  *  n  \si^)\^  dr  *      i^  follows  for  every  6  >  0 


and  with  x  <  x     <  x  +  6  that 


(3.3U) 


A(x'2)  -  A(x^)  >  -  Hj^  5 


Furthemiore,   for  R8(z)  >  0  , 


(3.3^' 


)  f*(z)  -  I     e'^^dACx^)     -     z(     e'"""-  Aix^)dx    -     z  Hz) 


Using  Lemma  5  we  find  that 


(3.36) 


f*(z)  -  /<o) 


f(z) 


is  continuous  inc'>0,     "■rl'*'<*r»     Therefore,    all  assumptions  of  Ingham's 
theorem  are  satisfied  and  we  obtain  as  a  result 


(3.37) 


lim   |A(x^)|  <  M  M^  j      , 

A(x)     -     0(1)       for      X— t>ao,       or 
e^(x)     '    ^     ^    0(1)   ,       X  — >  00      . 
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To  conclude  this  section  we  shall  derive  corresponding  formulas  for 


6g(x)  (6/1)  .  We  have,  with  0  <  e  <  ox,   , 


(3.36) 


9^(x)  - 


d  9^(t) 
.6-1 


r 


0  <  CO  <  \/x   n 

n  -  *^ 


25 


or,  by  partial  integration  (6-(e)  ■  O)  , 


e,(x)      ^   e^(t) 

(3.39)         9^(x)  -  -^ZT*   (S-l)  J   -^^  dt  . 


Inserting  for  9^ (x)  the  expression  (3.37),  which  we  have  already  proved,  we 

obtain 


(3.U0)     9^(x) 


3/2-5 


(3-25)/ 


*   0  (-ir)   *  °^^^      ^  '^'/^ 


i? 


In  x  +  0(1)  6  -  3/2 


We  summarize  our  results  in 


Theorem  U: 


->  -> 


For  X  6  G,     X  /  F     and 


x  — >   00 


(3.U1)        YL 


|E^(x)|2 


1  ^/2-6  , 

1  X  +  0    (  4-rl       +  0(1)      6  /3/2 


(3-26  )n" 


0  <  CO     <  \/x         n 
n  — 


TF 


17 


In  x  +  0(1)  5  -  3/2   . 
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OD,   |e  (x)|2 
Especially  J_      ^ —  converges  for  6  >  ^  and  diverges  for  &  <  ^ 


n"l         CO 


h*     Further  Results. 


->    -> 


In  this  section  we  shall  show  first  that  for  x  /  y 


->  ->  =>,  -> 

E„(x)  E^  (y) 


0  <  CO  <  X 

n  — 


0(1)     (x— >oo) 


In  order  to  prove  this  result  we  shall  apply  Theorem  3  (Ingham's  theorem)  to 
the  estimation  of  the  bilinear  expansion,  given  in  Theorem  2.  The  proceeding 
is  similar  to  that  used  in  Section  3.  At  a  certain  point,  however,  we  have 
to  make  use  of  the  results  of  Theorem  U. 

Going  back  to  Theorem  2,  we  introduce  the  following  notations  (compare 
the  analorjous  notations  in  Section  3)« 


y/2 


(U.l)      \{t) 


->  -> 


^k^^'^'  ^'  y)t^(r,  t)dr 


(h.2) 


«./*)   -     E 


W 


0  <  CO  <  ■J't 
n  '- 


k  ~>  --^   -> 
E  (x)  E  (y) 
n  ^    n  ^•' 

7Z 


(h.3)     A^^(t)  -  e;^(t)  -  c^,/xr  T)  -  \/t) 


(U.h) 


c^^^  ■  /  ^k./->^  • 
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(1;.5)        B  (t)  -     .M dx  ,     (k,  ^  -  1,  2,  3) 

^    J   (x  +  t)^ 
o 


We  then  have 


Lemina  6:  For  t  — >  oo 


(U.6)  h^(t)  -  0(1) 


(U.?)         Aj^^(t)  -  ©j^.^(t)  +  0(1)  -  0(A) 

-y/2  A 
(U.8) 


The  estimation  (U.6)  follows  immediately  from  Theorem  2  and  (3»l)»  We  obtain 
(U.7)  by  Schwartz'  inequality  from  Theorem  U,  because 


0<co<v/^  n  0<£0<'A         n 


|e^(x^|2  |r(y)|2 

(U.9)  <         n  -V-  n  -V- 


0  <  CO    <  A  n  0  <  w    <  Tt"  n 

n  -  n  -  '^ 


0(t)   . 


-  Uo  - 


Finally  (h.S)  follows  from  Theorem  2  by 


2   B„it)  -  t 


o 


(t  +  xr 


(U.io) 


^   e\7)   E;f  (y)        ->  ->   y^      ->  ->  -rA 

n=l   n   n  o 


-y/2  a 
Ole 


These  deductions  are  similar  to  those  in  Section  3j  (19)  to  (22)  . 
The  functions 


(U.ll) 


yj^(z)  -  I   e"^^A^(v2)dV       (k,  ^-1,  2,  3) 


are  therefore  holomorpM c  for  Re(z)  >  0,  holomorphic  continuable  into  the  circle 
|z|  <  y/2  3nd  bounded  in  |z|  <  y/3  • 

Finally  we  shall  show  that  the  functions  A,  j,(x)  satisfy  the  remaining 
assumptions  of  Ingham's  theorem  (Theorem  3)« 

Lemma  7? 

There  are  positive  constants  M.   *  and  K,   such  that  for  every  5  >  0  and 
t<t'<t  +  5,       t>0 


(U.12)  \/^'^^     -     \/^^^    ^    -     "ic/     -     ^     • 


-  Ul  - 


Proof: 


^f7^^Ji  "^ 


•2- 


.  4.    '  CO 

t  <  00     <  t  n 

n  — 


Using  Schwartz'  inequality  and  Theorem  h  we  have,    viith  a  suitable  constant  K, 


_  .   — > 


(U.lU) 


E 


E^'^Cx)  ^:f{j) 


n   '         n 


t  <  00     <   t 

n 


r 


iv^^i 


|E,{y)| 


t<oo<t  n  t<ai<t  n 

—  n  — 


<     (-1     *      K)^     , 
n 


i.e.. 


(U.15) 


E^^x)  E;f(y^ 


n   \         n 


>     -      (  -|  ^   K) 


t    <    CD      <    t 

n  — 


Moreover,   by   (3.32)  and  (U.l) 


y/2 


(U.16)  hj,^(t'2)  -h^(t2)  >.li£j         r|gj^(rj   x,  y)|dr 


30  that  we  finally  obtain 


(I1.17 


'        W'')-  V')2-^(7*i/      r|g^^(r;;r^|drj- 


'--\f' 


6  -   X 


-  b2 


which  holds  for  every   6  >  0  and  0<t<t     <t+6. 

Therefore,    the  assumptions  of  Ingham's  theorem  are  satisfied.     We  may 
apply  this  theorem  and  obtain  as  the   result 


(U.16)  A^(x)     -     0(1)   , 

or,   by  ()4.3)  and  (U.6), 


->  ->  ->  -> 

E   (x)  E  (y)  ->     -> 

(h.l9)  EI T^ "  0(1)       ^^y  i     t  — >  00 

0  <  CO    <  t  n 

n 


We  shall  now  examine  for  which   values  of  6  9,   ix)   converges  for  x  — >  oo 
We  can  vrrite 


c  c  f^    d  e  '  (t) 

('-20)  9^M    -    e>)    .    j     -^   , 


t 
y 


or,   by  partial  integration. 


9   '(x)       9'  (y)  /^     9  '(t) 

(U.21)       9^Vx)  -  9^(y)   .  ^^  -  ^^  .   (5-1)  I       J^ 


t 

y 


Since  9.  .(x)  -  0(1)   ,   we  have 


(i,.22)  |e>)-ej^(y)|  -  o(-5i^)  *  o(-3l3.)  . 

X  y 


-  h3  - 


so  that  we   can  make  the  right  hand  side  sufficiently  small  for  sufficiently 
large  x  and  y.  Therefore,  S,  -(x)  converges  for  5  >  1,  and  we  have 

—>->->     -> 

Theorem  ^:       For  x  y'  y  ,  x  e  V,  y  e  V,  we  have 


->  ->  rr  -> 

E  (x)  E  '(y) 
JZ 5^^^ -  0(1)    (t— >oo), 

0  <  IX)    <  t  n 

n  — 


— >  — >  Z-*,  -> 

E  (x)  E  '  (y) 
and  ^    — ^^^ is  convergent  for  6  >  1  ♦ 

«  >  0     n 
n 


From  the  bilinear  expansion  (1.19)  and  the  symmetry  of  Green's  tensors, 
it  follows  that  for  e  ■  p,  "  1  the  same  relations  as  stated  in  Theorems  U  and  5 
hold  for  the  magnetic  eigenf unctions.  If  e  and  p,  are  not  equal  to  1,  we  finally 
obtain  from  the  substitutions  (1.2)  the  following  results: 

Theorem  6t 

Let  E  ,  H  be  the  electric  respective  magnetic  eigenfunctions  and  (j  the 
corresponding  eigenf requencies  of  the  Maxwell's  equations 

-o      ->  — >      -> 

VXE  -ia)|xH  «0,   VXH  +iu6E  -OinV 

->    — > 

with  the  boundary  condition  n  X  E  =  0* on  F.  The  eigenfunctions  may  be  nor- 
malized by 

"i2 


1  f  Is'^l^dv  -  1  f  \T\'' 
[J.  )   '  n'        t  j      '   n' 


dV  -  1 


-  uu  - 


Then   (for  t  — >  oo  ) 


r 


\T(x\\ 


26 


0  <  (J     <  i/t  n 

n  — 


[i{t\x) 


3/2 
3/2 


^J^, 3/2-6     ^     of^Vo(l),5/3 


2n 


^—     In  t       +     0(1) 


■'^'1 


E 


0  <  w  <  \/r 

n  — 


H  (x) 
n       ' 

?5" 


^il^^/2-^     .     Of-^).  0(1);    6/3 

(3-26  )i7  Kt^-^J  2 


&(eti) 


3/2 


2n 


In  t       +     0(1) 


}    6  = 


Especially  the  series 

^  "^  |2 


vol 


»   l-^n'"'!' 


QD     H  (x) 


TF 


and 


r*—    In'  J 

>    WT —  are  convergent  for  6  >  5-  and  divergent 

n^    co_ 


f  or  6  <  I  . 


— >  — > 

Moreover,  for  x  /  y  and  t  — >  as. 


r 


->  ->  ->,  -> 

E^(x)  .  E     (y) 

-B ^ «  0(1) 


0  <  CO  <  t 
n  — 


and 


— >  — >  ->,  -> 

Hjx)  H„  (y) 


-  0(1)   . 


0  <  CO  <  t      n 
n  — 


The  series 


-  U5  - 


->  ->  :?►,  -> 


& 


2Tr 


— >  — >  — >,   — > 

00        H„(x)  H„   (y) 
and       y 
n=l 


TT 


are  convBrgent  for  5  >  1  . 
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